Abstract. A real valued function ϕ of one variable is called a metric transform if for every metric space (X, d) the composition dϕ = ϕ • d is also a metric on X. We give a complete characterization of the class of approximately nondecreasing, unbounded metric transforms ϕ such that the transformed Euclidean half line ([0, ∞), | · |ϕ) is Gromov hyperbolic. As a consequence, we obtain metric transform rigidity for roughly geodesic Gromov hyperbolic spaces, that is, if (X, d) is any metric space containing a rough geodesic ray and ϕ is an approximately nondecreasing, unbounded metric transform such that the transformed space (X, dϕ) is Gromov hyperbolic and roughly geodesic then ϕ is an approximate dilation and the original space (X, d) is Gromov hyperbolic and roughly geodesic.
Introduction
A function ϕ : [0, ∞) → [0, ∞) is called a metric transform if for each metric space (X, d) the composition d ϕ = ϕ • d is also a metric on X. A metric transform ϕ is necessarily subadditive and satisfies ϕ −1 (0) = {0}. While these two conditions on ϕ are not sufficient for it to be a metric transform, if we further require that ϕ is nondecreasing then it is a metric transform. In particular, any nonconstant, nonnegative concave function ϕ with domain [0, ∞) and satisfying ϕ(0) = 0 is a metric transform.
A central question concerning metric transforms is whether there exist metric transforms ϕ for which the transformed metric space (X, d ϕ ) has certain specified properties or preserves some of the characteristics of the original metric space (X, d). Early results about transformed metric spaces dealt with their "Euclidean" properties. Blumenthal [Blu43] showed that if 0 < α ≤ 1 2 and (X, d) is any metric space then the snowflake metric d α has the property that any four points of (X, d α ) can
x, y, z ∈ X the inequality d(x, y) ≤ max {d(x, z), d(z, y)}+δ is satisfied. An unbounded, approximately ultrametric space fails to have the rough midpoint property and so is never a rough geodesic metric space (Proposition 3.10).
A rough geodesic ray in a metric space (X, d) is a rough isometric embedding of the Euclidean half line in X, that is, a function γ : [0, ∞) → X and a constant k ≥ 0 such that for all t, s ≥ 0, |t − s| − k ≤ d(γ(t), γ(s)) ≤ |t − s| + k.
Theorem A has the following consequence. Since an unbounded, approximately ultrametric space is never roughly geodesic, Theorem B immediately yields the following corollary which can be viewed as a type of rigidity with respect to metric transformation of roughly geodesic Gromov hyperbolic spaces.
Corollary (Metric Transform Rigidity). Let (X, d) be a metric space containing a rough geodesic ray. Let ϕ be an approximately nondecreasing, unbounded metric transform. If the transformed space (X, d ϕ ) is Gromov hyperbolic and roughly geodesic then ϕ is an approximate dilation and (X, d) is
Gromov hyperbolic and roughly geodesic.
This paper is organized as follows. In Section 2 we recall some of the relevant properties of metric transforms and concave functions. In Section 3, after reviewing some useful facts concerning Gromov hyperbolic spaces, we introduce approximately ultrametric spaces and discuss some of their immediate properties. In Section 4 we give a complete characterization of all concave functions that transform the Euclidean half line into a Gromov hyperbolic space (Theorem 4.16). We extend this result to the case of approximately nondecreasing, unbounded metric transforms in Section 5, where we prove Theorem A. The proof of Theorem B and its application to roughly geodesic Gromov hyperbolic spaces is given in Section 6.
Metric Transforms and Approximately Concave Functions
We summarize some properties of metric transforms, concave functions and approximately concave functions that will be needed in the sequel.
2.1. Metric transforms. General treatments of metric transforms can be found in [Cor99, DL10] . Translation invariant distances on the real line are studied in [LD13] . Proposition 2.1 implies the following properties of metric transforms.
While subadditivity and ϕ −1 (0) = {0} are necessary conditions for a function ϕ :
to be a metric transform, these conditions are, in general, not sufficient (see Example 2.4). However, if ϕ is also nondecreasing then it follows from Proposition 2.1 that ϕ ∈ M. We summarize this as follows. Throughout this paper, unless otherwise specified, metric transforms are not assumed to be continuous.
2.2. Concave functions. In this subsection, after a very brief review of some basic properties of concave functions, we summarize some results concerning continuous concave functions ϕ : [0, ∞) → [0, ∞) satisfying ϕ(0) = 0 that will be used in Section 4.
Let ϕ : I → R be defined on some interval I ⊆ R, that is, a connected subset of R. The function ϕ is concave if for all x, y ∈ I and all t ∈ [0, 1],
Reversing the above inequality gives the definition of a convex function. Hence, ϕ is concave if and only if −ϕ is convex.
Convex functions have been extensively studied and many of their properties are well known. We recall some properties of concave functions that we need, omitting the proofs as these can be found, for instance, in [RV73, Chapter I] .
By definition, a function ϕ is concave if and only if any portion of its graph lies on or above the chord connecting the end points of this portion of the graph. Alternatively, ϕ is concave if and only if any of the following inequalities 
for all 0 < x < y. Hence both one-sided derivatives are nonincreasing on (0, ∞) and, at each point, the left derivative is no smaller than the right derivative. In particular, ϕ is differentiable on (0, ∞) except possibly at countably many points.
The next two corollaries are direct consequences of Proposition 2.6. The first is a version of the Fundamental Theorem of Calculus (see Remark I.12.B in [RV73] ), and the second uses the fact that any local maximum of a concave function is also a global maximum. Together with the assumption that ϕ is nonnegative, this implies that if ϕ is unbounded then it must be increasing.
Corollary. If ϕ : [0, ∞) → R is a continuous concave function then for any x, y ≥ 0,
Corollary. Let ϕ : [0, ∞) → [0, ∞) be a concave function such that ϕ(0) = 0 and ϕ is not constant on (0, ∞). Then either of the following holds:
(i) ϕ is strictly increasing, or
(ii) there exists a > 0 such that ϕ is strictly increasing on [0, a) and constant on [a, ∞).
Remark 2.7. Since the one-sided derivatives are nonincreasing and ϕ
Another important property of concave functions defined on a possibly infinite open interval I ⊆ R is that they can be globally approximated by concave functions which are real analytic on I. Azagra showed ([Aza13, Theorem 1.1]) that for every convex function f : U → R defined on an open convex subset U ⊆ R n , n ≥ 1, and every ε > 0, there exists a real analytic convex function g :
We will only be interested in uniform approximations by functions which are of class C 1 and so the following weaker version of Azagra's theorem for concave functions is sufficient for our purpose. Proof. Observe that, by concavity, if a > 0 and ϕ we obtain a continuous concave function which extends indefinitely at the left of 0 and which is equal to ϕ on [a, ∞).
Assume ϕ is not identically 0. Let ε > 0. By Corollary 2.2 and by possibly taking a smaller ε > 0, we may assume that ϕ is strictly increasing on ϕ −1 ([0, ε]). Let a = ϕ −1 (ε/2) and m = ϕ ′ + (a), and
The function ϕ ε is concave and for all x ≥ 0 it satisfies ϕ(x) ≤ ϕ ε (x) ≤ ϕ(x)+ε/2. By Proposition 2.8, applied to the function ϕ ε : R → R and with ε = ε/2, there exists a C 1 concave function σ :
Since 0 ≤ σ(0) ≤ ε and σ is increasing, it follows that σ(x) − σ(0) ≥ 0 and
which is C 1 on (0, ∞) and satisfies ψ(0) = 0 and |ϕ − ψ| ≤ ε.
Approximately concave functions. In this subsection we show that approximately midpointconcave functions can be uniformly approximated by continuous concave functions (Corollary 2.3).
This result will be used in Section 5 and Section 6.
Definition. Let ϕ : I → R be defined on some interval I ⊆ R, and let δ ≥ 0.
(i) ϕ is said to be δ-concave if for all x, y ∈ I and all t ∈ [0, 1],
(ii) ϕ is called δ-midpoint-concave (or δ-midconcave) if for all x, y ∈ I,
We say that the function ϕ is approximately concave (respectively, approximately midpoint-concave)
if it is δ-concave (respectively, δ-midpoint-concave) for some δ ≥ 0. Taking δ = 0 recovers the definition of a concave (respectively, midpoint-concave) function. Proof. Assume ϕ : [0, ∞) → [0, ∞) is δ-midpoint-concave, for some δ ≥ 0. Since ϕ is bounded from below by 0 on (0, ∞) by Proposition 2.9, ϕ is 2δ-concave on (0, ∞), and by Proposition 2.10, there exists a continuous concave function f : (0, ∞) → R such that |ϕ(x) − f (x)| ≤ δ, for all x > 0. Notice that f is bounded from below by −δ on (0, ∞) and since f is continuous, it is also nondecreasing (see Corollary 2.2). Thus f can be extended by continuity at 0 and
. Then ψ is continuous, concave, and satisfies ψ(0) = 0 and
Gromov Hyperbolic Spaces
Gromov hyperbolic spaces were introduced by Gromov in his landmark paper [Gro87] to study infinite groups as geometric objects. See [V05] for the basics of Gromov hyperbolic spaces for intrinsic metric spaces. In this paper, unless otherwise specified, we do not assume that a metric space is intrinsic or geodesic.
Gromov Hyperbolic Spaces.
Definition. Let (X, d) be a metric space and let w ∈ X. For x, y ∈ X, the Gromov product of x and y with respect to w is defined to be
for all x, y, z, w ∈ X. A metric space (X, d) is said to be Gromov hyperbolic if it is δ-hyperbolic for some δ ≥ 0.
An inequality equivalent to that in Definition 3.1, known as the 4-point inequality, is given in the following proposition.
for all x, y, z, w ∈ X.
Two metric spaces X and Y are said to be roughly similar if there exists a (not necessarily con-
A straightforward argument shows that Gromov hyperbolicity is preserved by rough similarity.
Proposition 3.2. If X and Y are roughly similar metric spaces then X is Gromov hyperbolic if and only if Y is Gromov hyperbolic.
Proof. Let f : X → Y be a (λ, k)-rough similarity, with λ > 0 and k ≥ 0. Assume X is δ-hyperbolic,
By Proposition 3.1, Y is (λδ + 6k)-hyperbolic. The proof of the converse is similar.
Given constants λ > 0 and k ≥ 0, we say that a function ϕ :
The function ϕ is an approximate dilation if it is a (λ, k)-approximate dilation for some λ > 0 and k ≥ 0.
Remark 3.3 and Proposition 3.2 have the following consequence.
Proposition 3.4. If (X, d) is a Gromov hyperbolic metric space and ϕ ∈ M is an approximate dilation then (X, d ϕ ) is Gromov hyperbolic.
Approximately Ultrametric Spaces.
Recall that a metric space (X, d) is ultrametric if the metric d satisfies the inequality: for all x, y, z ∈ X, d(x, y) ≤ max{d(x, z), d(y, z)}, a condition which implies the triangle inequality.
Definition. Let δ ≥ 0. We say that a metric space (
We say that (X, d) is approximately ultrametric if it is δ-ultrametric for some δ ≥ 0.
Let x, y, z ∈ X and let s, m and l denote the smallest, medium and largest of the distances d(x, y), d(y, z) and d(x, z). Then the δ-ultrametric condition is equivalent to l − m ≤ δ. Note that if δ = 0 this implies that l = m, exhibiting a well-known characteristic of ultrametric spaces, namely that triangles in such spaces are either acute isosceles (that is, the equal sides are the larger sides) or equilateral. If δ > 0 then any triangle triplet (l 1 , l 2 , l 3 ) consisting of nonnegative numbers less or equal to δ satisfy the δ-ultrametric condition, and if one of the numbers l i is greater than δ then there is at least one other number l j , j = i in the triplet satisfying l j ≥ l i − δ. In other words, in δ-ultrametric spaces "small triangles" (with side length less than δ) can have any shape, and "large triangles" (with one side length at least δ) are acute δ-almost isosceles or δ-almost equilateral.
The relationship between δ-ultrametric and δ-hyperbolic spaces is given by Proposition 3.6 below.
For this purpose, we need the following lemma.
Lemma 3.5. Let δ ≥ 0 and let a ij ∈ Ê, i, j ∈ {1, 2, 3, 4}, be such that a ij = a ji .
Note that if L, M and S denote the largest, medium and smallest of the sums a ij + a kl , a ik + a jl and a il + a jk for some choice of i, j, k, l ∈ {1, 2, 3, 4}, then the conclusion in part (i) of the lemma is equivalent to L − M ≤ 2δ, and the one in part (ii) to M − S ≤ 2δ.
Proof. (i) Fix i, j, k, l ∈ {1, 2, 3, 4}. Without loss of generality, assume that L = a ij + a kl is the largest sum and assume that a kl ≤ a ij . Since a ij ≤ max{a ik , a kj } + δ and a ij ≤ max{a il , a lj } + δ, we have
If a ik ≥ a kj and a lj ≥ a il then M = a ik + a lj = max{a ik + a il , a ik + a lj , a kj + a il , a kj + a lj } and if a ik ≤ a kj and a lj ≤ a il then
In both cases, L − M ≤ 2δ. Furthermore, if a ik ≥ a kj and a lj ≤ a il then a ij ≤ max{a ik , a kj } + δ = a ik + δ and a ij ≤ max{a il , a lj } + δ = a il + δ, and since a kl ≤ max{a kj , a lj } + δ,
Finally, if a ik ≤ a kj and a lj ≥ a il then a ij ≤ max{a ik , a kj } + δ = a kj + δ and a ij ≤ max{a il , a lj } + δ = a lj + δ, and since a kl ≤ max{a ki , a il } + δ, we have a ij + a kl ≤ a ij + max{a ki , a il } + δ ≤ max{a lj + a ki , a kj + a il } + 2δ, that is, L − M ≤ 2δ.
(ii) Follows from (i) by taking the negatives of a ij .
Proof. Let x i , i = 1, 2, 3, 4, be four points in X. By part (i) of Lemma 3.5, with
and the conclusion follows from Proposition 3.1.
The case δ = 0 in Proposition 3.6, that is, the fact that ultrametric spaces are 0-hyperbolic, was observed in [Ibr12, (2.4) ].
Remark 3.7. The converse of Proposition 3.6 is not true. For example, the Euclidean half line ([0, ∞), | · |) is 0-hyperbolic but not δ-ultrametric for any δ ≥ 0. To see this, let x, y ≥ 0 and z = (x + y)/2. Then the δ-ultrametric condition is equivalent to |x − y| ≤ 2δ, which cannot be valid for all x, y ≥ 0.
Observe that if ϕ : [0, ∞) → R is η-nondecreasing then the function ϕ + given by ϕ + (t) = sup{ϕ(s) | s ≤ t} is nondecreasing and satisfies 0 ≤ ϕ
We say that the function ϕ : [0, ∞) → R is approximately nondecreasing if ϕ is η-nondecreasing for some η ≥ 0. Note that ϕ is approximately nondecreasing if and only if ϕ is within a bounded distance from a nondecreasing function.
Proposition 3.8. Let (X, d) be a metric space and let δ, η ≥ 0. If ϕ ∈ M is η-nondecreasing and satisfies ϕ(2t) − ϕ(t) ≤ δ for all t ≥ 0 then (X, d ϕ ) is (δ + 2η)-ultrametric.
Proof. For any x, y, z ∈ X,
Corollary ([Gro87, Example 1.2(c)]). Let ϕ(t) = log(1 + t), t ≥ 0. For any metric space (X, d), the transformed metric space (X, d ϕ ) is log(2)-ultrametric and so by Proposition 3.6 is log(2)-hyperbolic.
Proof. ϕ(2t) − ϕ(t) = log(1 + 2t) − log(1 + t) = log 1+2t 1+t < log(2) for all t ≥ 0. This inequality is sharp since lim t→∞ log 1+2t 1+t
Let k ≥ 0. Recall that a k-rough geodesic in a metric space (X, d) is a k-rough isometric embedding of an interval I ⊆ R into X. That is, a map γ : I → X (not necessarily continuous) such that for all t, s ∈ I,
The space X is called k-roughly geodesic if for every x, y ∈ X there exists a k-roughly geodesic segment joining x and y; and X is called roughly geodesic if it is k-roughly geodesic for some k ≥ 0. Furthermore, we say that a metric space (X, d) has the k-rough midpoint property if for every x, y ∈ X there exists z ∈ X such that
A space has the rough midpoint property if it has the k-rough midpoint property for some k ≥ 0. The following lemma asserts that the rough midpoint property is a necessary condition for a space to be roughly geodesic. Proof. Suppose (X, d) is unbounded, δ-ultrametric and k-roughly geodesic for some given δ, k ≥ 0. By Lemma 3.9 and its proof, X has the 3 2 k-rough midpoint property. Thus, for any x, y ∈ X, there exists z ∈ X such that max{d(x, z), d(y, z)} ≤ For ϕ ∈ C, the Gromov product based at 0 for the transformed Euclidean metric |x−y| ϕ = ϕ(|x−y|) on the half line [0, ∞) is given by
We investigate the restrictions on ϕ imposed by the inequality (4.2).
Lemma 4.3. Let ϕ ∈ C and fix a ≥ 0. The function
] is strictly increasing on [0, a], and decreasing on [a, ∞).
since the quantity in the square brackets is nonpositive by concavity. Thus x → (a | ϕ x) is decreasing on [a, ∞).
By Lemma 4.3, for given x, y ≥ 0, the minimum in the right side of (4.2) is attained at max{x, y} when z ≤ x, y and at min{x, y} when x, y ≤ z. For the case when x ≤ z ≤ y, or y ≤ z ≤ x, we consider the equation (x | ϕ z) = (y | ϕ z). The solution of this equation is the objective of our next lemma.
Lemma 4.4. Let ϕ ∈ C. For each 0 ≤ x < y, there exists a unique ω = ω(x, y) with x ≤ ω ≤ min x+y 2 , 2x such that (x | ϕ ω) = (y | ϕ ω). Moreover, ω(x, y) = x for all 0 ≤ x ≤ y if and only if ϕ is a dilation, that is, if ϕ(x) = λx for some λ > 0.
is decreasing and z → (y | ϕ z) is strictly increasing, and so the function f (z) is strictly decreasing on [x, y]. Furthermore,
since ϕ is subadditive, and 
. In order to prove the last part of the lemma, assume that ω = x satisfies (4.5). Then ϕ(y) = ϕ(x) + ϕ(y − x), for all 0 ≤ x ≤ y, which shows that ϕ is additive. Consequently, ϕ(rx) = rϕ(x) for any nonnegative rational number r and all x ≥ 0. Since ϕ is continuous, it follows that ϕ(tx) = tϕ(x) for all t, x ≥ 0, which shows that ϕ is also homogenous. Thus ϕ is linear and, since ϕ is unbounded, ϕ(x) = λx for some λ > 0. The converse is evident.
Lemma 4.6. Assume ϕ ∈ C is not a dilation. If ϕ is of class C 1 on (0, ∞) then the solution ω = ω(x, y) given by Lemma 4.4 is increasing as function of y.
{(x, y, z) ∈ R 3 | 0 < x < z < y} and by Lemma 4.4 there exists x < ω < y such that F (x, y, ω) = 0.
Furthermore, since x < ω < min{ x+y 2 , 2x} and ϕ ′ is strictly decreasing, we have
Then, by the Implicit Function Theorem the solution ω = ω(x, y) is of class C 1 . Taking the derivative with respect to y in F (x, y, ω) = 0 gives
which shows that ω = ω(x, y) is increasing as a function of y for all 0 < x < y.
Proposition 4.7. Let ϕ ∈ C and let λ = lim t→∞ ϕ ′ − (t). For each x ≥ 0 there exists a unique ω = ω(x) with x ≤ ω ≤ 2x such that
Proof. Note that if ϕ(x) = λx then by Lemma 4.4, ω = ω = x. For the remainder of the proof we assume that ϕ is not a dilation. Fix x ≥ 0. For each y > x, let ω = ω(x, y) be the solution of
given by Lemma 4.4. We show that ω = ω(x) = lim y→∞ ω(x, y). To prove that this limit exists, we use of the uniform approximation of ϕ given by Corollary 2.2. For this, let ε > 0 and let ψ ε : [0, ∞) → [0, ∞) be a continuous concave function, which is of class C 1 on (0, ∞) and satisfies ψ ε (0) = 0 and
We can assume that ψ ε is not linear (not a dilation), for otherwise if ψ ε were linear for arbitrarily small ε then ϕ would be a dilation.
By Lemma 4.6, there exists a unique υ ε = υ ε (x, y) such that x < υ ε < min{ x+y 2 , 2x} and satisfying
Let υ ε = υ ε (x) = lim y→∞ υ ε (x, y). This limit exists because υ ε is increasing as a function of y and it is bounded from above by 2x as y → ∞. Taking the limit as y → ∞ in the expression g ε (υ ε ) = 0 yields 0 = lim
where y −υ ε < η ε < y is given by the Mean Value Theorem, and η ε → ∞ as y → ∞. Since |ϕ−ψ ε | ≤ ε, we have that |g ε − f | ≤ 4ε and in particular, |f (ω) − f (υ ε )| = |f (υ ε )| ≤ 4ε. Taking the limit as ε → 0 and using the fact that f is one-to-one on [x, y], it follows that ω(x, y) = lim ε→0 υ ε (x, y). Taking the limit as y → ∞ gives
The above observations allow us to show the following.
Proposition 4.9. Let δ ≥ 0 and let ϕ ∈ C be such that
for all x ≥ 0, where λ = lim t→∞ ϕ ′ − (t) and w = w(x), x ≤ w ≤ 2x is the unique solution of (4.11) ϕ(x) − ϕ( w − x) = λ w.
Proof. Let δ and ϕ be as in the statement of the proposition. Recall that if the space ([0, ∞), | · | ϕ ) is δ-hyperbolic then ϕ satisfies the inequality (4.2)
for all x, y, z ≥ 0. We show that this condition implies (4.10). Without loss of generality, we assume that 0 ≤ x ≤ y. Then there are three possible cases for z.
is, the condition (4.2) holds with δ = 0 and for all ϕ.
As before, the condition (4.2) holds with δ = 0 and for all ϕ.
Case 3. Assume x ≤ z ≤ y. Let ω = ω(x, y) be the unique value x ≤ ω ≤ min x+y 2 , 2x satisfying (4.5) as given by Lemma 4.4.
Consider the following two possible situations.
Case 3(a). Assume x ≤ z ≤ ω ≤ y. Then min{(x | ϕ z), (y | ϕ z)} = (y | ϕ z) and the inequality (4.2)
the function g(z) is increasing on [x, ω], and hence max z∈[x,ω] g(z) = g(ω). Thus it suffices to find conditions on ϕ such that
for all 0 ≤ x ≤ y. Taking the limit as y → ∞ in the above inequality and letting λ = lim t→∞ ϕ ′ − (t) yields
where ω = ω(x) is given by Proposition 4.7. Combining with (4.8), this gives
. By Lemma 4.3, the function h(z) is decreasing on [ω, y] and since max z∈ [ω,y] h(z) = h(ω) it suffices to find conditions on ϕ such that
for all 0 ≤ x ≤ y. Taking the limit as y → ∞ yields
where, as before, ω = ω(x) is given by Proposition 4.7.
As noted in Remark 2.7, if λ = lim x→∞ ϕ ′ − (x) then λ ≥ 0, and as we will next see the cases λ = 0 and λ > 0 define mutually disjoint classes of functions.
Consider first the case λ = 0. Then, from (4.11), ϕ(x) = ϕ( ω − x) and since ϕ is one-to-one, this implies that ω = 2x. In this case, the condition (4.10) becomes ϕ(2x) − ϕ(x) ≤ 2δ, and we have the following. 
We now consider the case λ > 0. In this case (4.10) together with (4.11) implies that
and since ϕ is increasing and x ≤ ω, this yields λ(x − ω) + 2δ ≥ 0, or equivalently 0 ≤ ω − x ≤ 2δ/λ.
Together with (4.10) this gives
Furthermore, since ϕ is concave, the condition λ > 0 implies that λx ≤ ϕ(x) for all x ≥ 0. Thus we have the following. for all x, y, z, w ≥ 0. Taking w = 0 and z = x + y yields
and by letting t = x + y and s = |x − y|, we have that 0 ≤ s ≤ t and + η.
which shows that ϕ is 1 2 η + δ -midpoint-concave. The existence of a continuous concave metric transform ψ ∈ C with |ϕ − ψ| ≤ η + 2δ is given by Corollary 2.3.
The following result shows that the characterization given by Theorem 4.16 extends to approximately nondecreasing metric transforms. (ii) ϕ is logarithm-like.
Proof. Fix η, δ ≥ 0. Assume ϕ ∈ M is an unbounded η-nondecreasing metric transform such that ([0, ∞), | · | ϕ ) is δ-hyperbolic. By Proposition 5.2, there exists a continuous concave metric transform ψ ∈ C such that |ϕ(t) − ψ(t)| ≤ η + 2δ for all t ≥ 0. Notice that ψ is an unbounded continuous concave metric transform and the transformed Euclidean half line ([0, ∞), |·| ψ ) is (2η +6δ)-hyperbolic. By Theorem 4.16, ψ is either an approximate dilation or a logarithm-like metric transform. Since ϕ is within bounded distance from ψ, the conclusion follows.
Proof of Theorem B
In this section we prove Theorem B (Theorem 6.4) and its corollary (Corollary 6) as stated in the introduction.
Recall that a rough isometric embedding between two metric spaces X and Y is given by a map f : X → Y and a constant k ≥ 0 such that for all x, y ∈ X d X (x, y) − k ≤ d Y (f (x), f (y)) ≤ d X (x, y) + k.
Lemma 6.1. Assume that f : X → Y is a k-rough isometric embedding. If Y is δ-hyperbolic then X is (δ + 2k)-hyperbolic. Conditions (i) and (ii) are mutually exclusive.
